On the analytic ground we examine a physical mechanism how particle velocity can protect an entanglement when quantum system is embedded in Markovian or non-Markovian environment. In particular the effect of particle velocity is examined in the entanglement sudden death (ESD) and revival of entanglement (ROE) phenomena. Even though particles move fast, the ESD phenomenon does not disappear if it occurs at zero velocity. However the time domain 0 ≤ t ≤ t * for nonvanishing entanglement becomes larger and larger with increasing velocity. When ROE phenomenon occurs at zero velocity, even small velocity can make this phenomenon not to occur although the oscillatory behavior of entanglement in time is maintained. For comparatively large velocity the amplitude of the oscillatory behavior becomes extremely small. In this way the entanglement can be protected by particle velocity. The protection of entanglement via velocity is compared with that via the detuning parameter. * dkpark@kyungnam.ac.kr 1 arXiv:1703.09341v1 [quant-ph]
Quantum entanglement[1] is the most important physical resource for development of quantum technology. As shown for last two decades it plays a crucial role in quantum teleportation [2] , superdense coding [3] , quantum cloning [4] , and quantum cryptography [5] . It is also quantum entanglement, which makes the quantum computer outperform the classical one [6, 7] .
Since quantum entanglement is purely quantum property, it can be maintained in time only in ideally isolated system. However, real physical systems inevitably interact with their surroundings. Thus, physical system loses its entanglement by contacting the environment.
In this reason we expect that the degradation of entanglement occurs [8] [9] [10] .
Usually, the degradation of entanglement emerges as a form of an exponential decay in time by successive halves. For particular initial states, however, the entanglement sudden death (ESD) occurs when the entangled multipartite quantum system is embedded in Markovian environments [11] [12] [13] [14] . This means that the entanglement is completely disentangled at finite times. This ESD phenomenon has been revealed experimentally [15, 16] .
The dynamics of entanglement was also examined when the physical system is embedded in non-Markovian environment [17, 18] . It has been shown that there is a revival of entanglement (ROE) after a finite period of time of its complete disappearance. This is mainly due to the memory effect of the non-Markovian environment. This ROE phenomenon was shown in Ref. [18] by making use of the two qubit system and concurrence [19] as a bipartite entanglement measure. Subsequently, many works have been done to quantify the nonMarkovianity [20] [21] [22] [23] [24] [25] [26] .
The degradation of entanglement is a crucial obstacle in real quantum information processing. In order to overcome this problem we should reduce the effect of decoherence as much as possible. For this purpose various techniques were developed for Markovian [27] and non-Markovian [28] environments. Recently, it was shown that the protection of entanglement is possible by increasing the particle velocity when the quantum system is embedded in the non-Markovian environment [29] . The authors in Ref. [29] examined the effect of velocity by applying the fourth-order Runge-Kutta numerical method. However, it is in general difficult to understand the physical mechanism exactly from a numerical technique. In order to understand how the particle velocity reduces the effect of decoherence we need to reconsider this issue on the analytic ground, which is main motivation of present paper.
There is another minor motivation. The authors of Ref. [29] argued that the dynamics of entanglement is not dependent on the particle velocity and the transition frequency individually, but depends on their multiplication. However, we cannot find any physical reason for this dependence. Our analytic approach shows that this argument is not true, but is approximately true for some cases. Thus, we examine again the effect of particle velocity in the presence of Markovian or non-Markovian environment analytically. In particular, we examine in detail how the ESD and ROE phenomena are affected by particle velocity.
We choose exactly the same physical setup with that of Ref. [29] , that is, the whole system is composed of two non-interacting identical systems. Each subsystem consists of an atom qubit and a structured environment made of two perfect reflecting mirrors at the positions z = −L and z = with a partially reflecting mirror at z = 0. The electromagnetic fields inside the cavities plays a role of environment.
We will briefly describe how the entanglement dynamics can be derived schematically.
The detailed derivation is in Ref. [29] . The dynamics of one atom and its environment is governed by the Schrödinger equation
, where H I is a Hamiltonian for single atom and its interaction with an environment. Solving this Schrödinger equation with appropriate boundary conditions arising in the cavities, one can derive the state ρ(t) of single atom by taking a partial trace with respect to its environment, that is, ρ(t) = tr env |ψ(t) ψ(t)|. Since two atoms interacts only and independently with its own environment, the quantum state of two atoms can be derived by the Kraus operators [30] .
For example, if the initial state of two atoms is
where a is real and positive, and b = |b|e iδ with a 2 + |b| 2 = 1, the concurrence at time t is given by
where P (t) satisfies the integral equation
If velocity of atom is v and its transition frequency is ω 0 , the correlation function f (t, s) is given by
where β = v/c, τ = /c, and the spectral density [17] is
In order to neglect the relativistic effect we should require β << 1. In equation (4) the sine terms in integral comes from boundary conditions at the mirrors. In Eq. (5) the parameter λ defines the spectral width of the coupling, which is connected to the reservoir correlation time τ B by the relation τ B ≈ 1/λ and the relaxation time scale τ R on which the state of the system changes is related to γ 0 by τ R ≈ 1/γ 0 . The parameter ∆ is a detuning parameter.
Thus, the center frequency of the cavity is detuned by an amount ∆ against the atomic transition frequency ω 0 . Now, we want to compute P (t) analytically as much as possible. Inserting Eq. (5) into Eq. (4) f (t, s) can be written as
where
Making use of
the correlation function f (t, s) in Eq. (6) reduces to
In the continuum limit (τ → ∞) Eq. (9) is simplified as
When t > s, it is more simplifies in a form
withλ = λ − i∆ and α = β(λ + iω 0 ). Thus Eq. (3) simply reduces to
where * means a convolution.
In order to derive P (t) explicitly we take a Laplace transformf (p) ≡ ∞ 0 f (t)e −pt dt to both sides of Eq. (13). Using P (t = 0) = 1 one can show easilŷ
From Eq. (12) it is also easy to shoŵ
where v ± ≡λ ± α. Inserting Eq. (15) into Eq. (14) one can show directlŷ
where p j (j = 1, 2, 3) are roots of
Since general cubic equation can be solved analytically, it is always possible to obtain the analytical expressions of p j even though their expressions are too lengthy except few special cases.
The inverse Laplace transform of Eq. (16) can be easily performed by applying the Bromwich integral formula in complex plane, i.e.
P (t) = sum of residues ofP (z)e zt .
In real calculation it is convenient to introduce following dimensionless parameters
Now we define q ≡ p/γ 0 . Then the cubic equation Eq. (17) reduces to
If q j (j = 1, 2, 3) are roots of Eq. (21), P (t) can be expressed as respectively. The discrepancy of these two lines implies that the dynamics of entanglement depends on β and ω 0 individually.
As commented earlier authors in Ref. [29] claimed that the dynamics of entanglement is not dependent on β and ω 0 individually, but depends on βω 0 . However, this is not correct statement. The cubic equation (21) depends on β and x 2 only through u ± . Since β << 1, u ± can be written approximately as u ± ≈ (x 1 −ix 3 )±iβx 2 provided that x 2 is comparatively larger than x 1 and x 3 . In this case the statement of Ref. [29] is right approximately. For other cases the dynamics of entanglement depends on β and ω 0 individually. In order to
show this explicitly we plot the γ 0 t-dependence of Im[P (t)] in Fig. 1 . The red solid line corresponds to β = 0.01 and ω 0 = 10γ 0 , and black dashed line is for β = 0.2 and ω 0 = 0.5γ 0 .
Other parameters are chosen as λ = 1.5γ 0 and ∆ = 100γ 0 . The discrepancy of these two lines implies that the dynamics of entanglement is dependent on β and ω 0 individually. Now, we consider few special cases. First let us consider the stationary case (β = 0). In this case u + and u − are identical as u + = u − ≡ u = x 1 − ix 3 . Furthermore, the roots of Eq.
(21) are simply
Then, it is simple to derive P (t) in a form
If ∆ = 0, Eq. (25) reproduces the well-known expressions, that is
in the weak coupling regime λ > γ 0 and
in strong coupling regime λ < γ 0 , whered = λ 2 − γ 0 λ and d = γ 0 λ − λ 2 . Eq. (26) and Eq. (27) are responsible for the decoherence of Markovian and non-Markovian environments.
When ∆ = 0, P (t) in Eq. (25) is a complex quantity. In order to explore the effect of ∆ we plot |P (t)| for β = 0 in Fig.2 with choosing λ = 2γ 0 in Fig. 2(a) and λ = 0.01γ 0 in Fig. 2(b) .
We also choose various ∆ in each figure. As Fig. 2 exhibits, the effect of Markovian and non-Markovian environments is diminished with increasing ∆. In this way one can protect the entanglement by making use of the detuning parameter ∆ [28] too. These figures show that non-Markovian environment is more sensitive to ∆ than Markovian environment.
Another special case we consider is a slow moving case (β → 0). In this case the roots of the cubic equation (21) can be obtained perturbatively as follows;
Inserting Eq. (28) into Eq. (23) one can derive P (t) analytically up to order of β 2 . Now, let us examine the dynamics of entanglement in the presence of Markovian or non-Markovian environment when the initial state is |Ψ in Eq. (1). Thus the bipartite entanglement at time t is given by Eq. (2). It is known that the entanglement is protected by not only ∆ but also β independently. We will examine how ESD and ROE phenomena are affected by β or ∆.
In Fig. 3 we examine the effect of the detuning parameter ∆ in the ESD phenomenon in the Markovian regime. In Fig. 3(a) we plot γ 0 t-dependence of C(t) with varying ∆ when other parameters are fixed as a = 0.4, λ = 2γ 0 , and β = ω 0 = 0. As this figure exhibits, the ESD phenomenon occurs regardless of ∆. However, the time domain 0 ≤ x ≤ x * ≡ γ 0 t * , where the entanglement is nonvanishing, becomes larger with increasing ∆. In this way the entanglement is protected even in the Markovian environment with increasing the detuning parameter ∆. In Fig. 3 (b) the x 3 -dependence of x * is plotted. As expected, x * increases with increasing ∆. This monotonically increasing curve can be fitted as The effect of the particle velocity β on the ESD phenomenon is examined in Fig. 4 . It is worthwhile noting that the β-dependence in cubic equation (21) is only through u ± given in Eq. (22) . Since we will choose x 1 = 2 and x 3 = 0 in Fig. 3 for introducing Markovian environment and removing the effect of ∆, we choose x 2 = 20 for considerable change of u ± . In Fig. 4(a) we plot γ 0 t-dependence of C(t) with varying β when other parameters are fixed as a = 0.4, λ = 2γ 0 , ω 0 = 20γ 0 , and ∆ = 0. As this figure exhibits, ESD phenomenon occurs regardless of β even though the time domain 0 ≤ x ≤ x * ≡ γ 0 t * , where the bipartite entanglement is alive, becomes larger with increasing β. This is why the entanglement can be protected in the Markovian environment by making use of β. In Fig. 4(b) the β-dependence of x * is plotted. This curve can be fitted as The effect of the particle velocity in the ROE phenomenon is examined in Fig. 6 . When λ = 0.005γ 0 , β = ∆ = 0, and ω 0 = 20γ 0 , the (a, γ 0 t)-dependence of C(t) is exactly the same with Fig. 5(a) . This is because of the fact that the cubic equation (21) is independent of x 2 when β = 0. If we change β slightly as β = 0.003, the (a, γ 0 t)-dependence of C(t) is changed into Fig. 6(a) . As this figure shows, the ROE phenomenon does occur at most range of a.
Even in this case, however, the ROE phenomenon disappears at the large a region due to the small increment of β. If we increase β to 0.01, the (a, γ 0 t)-dependence of C(t) becomes In this paper we explore analytically the effect of particle velocity β = v/c and detuning parameter ∆ in the entanglement dynamics when Markovian or non-Markovian environment is present. In particular, we examine the ESD and ROE phenomena in the Markovian and non-Markovian regimes, respectively. As Fig. 3 and Fig. 4 show, the ESD phenomenon always occurs even when β or ∆ is nonzero. The difference from a case of β = 0 or ∆ = 0 is that the time region 0 ≤ γ 0 t ≤ γ 0 t * for nonvanishing entanglement becomes wider when β or ∆ becomes larger. The ∆-and β-dependence of γ 0 t * are plotted in Fig. 3(b) and Fig.   4 (b). Roughly speaking, this region increases quadratically as a function of ∆/γ 0 or β.
The ROE phenomenon in the non-Markovian environment is examined in Fig. 5 and Fig.   6 . As these figures show, the ROE phenomenon appearing in β = 0 or ∆ = 0 (see Fig. 5(a) ) In this paper we consider only the continuum limit (τ = /c → ∞). In the real physical setting, however, this limit is only approximation. Presumably, the effect of β or ∆ is more drastic for finite τ . In this case, however, the analytic calculation seems to be impossible because the convolution theorem used in this paper cannot be applied.
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